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Abstract

Let I be an ideal of a commutative Noetherian local ring K, M and IV two finitely generated modules. Let £ be a
positive integer. We mainly prove that if d = pd{M) < co and dim N = n <X o2, then Hf"""' (M, N is I-cofinite,
which is a generalized of cofinite modules and local conomology (H , (M,\N) = ]im_.E'xtf? (M/I™ M,N)). In the
last part of this note, we also discuss the finiteness of H , (M, N) and prove that if M is a nonzero cyclic £-module,

then H, {IN') is finitely generated for all i < t if and only if H, (M, N) is finitely generated for all { < t.
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Introduction

Let R be a commutatlve Noetherian ring and I a proper ideal of R. The generalized local cohomology
module | H,. M,N) =lim_, E‘xz.?. M /1™ M,NY). for all A-modules M and & was introduced by Herzog in [4].
Clearly, it is a generalization of the usual local cohomology module. The study of generalized local cohomology
modules was continued by many authors. For example Asadollahi, Khashyarmanesh and salarian [1] proved that if
H;(M. N} is finitely generated for all ¢ = ¢, then Hom(R /I HF (M, N1} is finitely generated. Another, Delfino and
Marley [3] proved that if (&.m] be a Noetherian local ring, an ideal of & and M finitely generated module
{dimM = n), then H]' (M) is I-cofinite( ExtL(R/1. H] (M1 is finite for all ).

As an analogue of this result, we show that if @ = pd{M) < oo and dim N =n = oo, then H; (M, is I-
cofinite, which is a generalization of [3, Theorem3]. Throughout this paper (H.=} is a commutative Noetherian
local ring (with nozero identity), M and IV are finitely generated £-modules and { is proper ideal of K. We refer the

reader to [2] for any unexpelained terminology.

Results and Discussion

We begin this section with some lemmas.

1- Lemma
Let M be a finitely generated R-module. If L is artinian and I-cofinite, then Ext: (M. L} is I-cofinite for all 1.

Proof. Since L is Artinian Exti(M.L) is Artinian for all ©. By [7, Proposition 4.3], it suffices to prove that
Homgz(R/I,Exty (M, L1} is finitely generated. In the foIIowmg, we show that

Heoneg -\r( T Exel Cad. 0] = Heames ILH_-"E.-;rr; AL L) @ E = Homa (BT, Exel (A7 200

We may assume that & is m-adic complete. Set £ = ECR/m]. an injective envelope of R . By [9, Theorem
11.57],

Homg(Homgz (R/I Extl (M,L)).E) = R/I ® = Tor® (M., Hom;(L,E)).

By matlis duality, /I @ = Ton*(M.Homz (L. E} is finitely generated S0 it is enough to show that it is Artinian.

)
Since L is I-cofin te and  Artinian, Homgz(R/I.L7 is of finite length, and then
Homg(Homg(R/I.L),E) = R/I@Homz(L,E}is of finite length. In particular,

Supp  {R/I @Homg (L EJ} = V() N Suppg {Hom (L, E1} = {m},

Therefore

Supp- IR/T @Tor® (M, Hom (L, E)} 2 V() N Supp, [Hom

R

AL E)} = fm),

This complete the proof.
The following lemma is a generalization of [8,Lemma 3.4]
2-  Lemma

-~

Let M be a finitely generated -module such that d = pd{M) < co. Let N be a finitely generated Z-module and
assume that n is an integer, and x.....x, is an I-filter regular sequence on N. Then
HiF'(MNY = M HE, (WD forall i = d

Proof. See [6, Theorem 3.2].
3-  Proposition
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Let I be an ideal of R, and let M. be two flnltely generated modules such that d = pd(M) < co and

dim N =n = o2, Then 4'1[r "(M,N) = E‘x:.?. M,HJ{N)). In particular, Hr TR{M, N7 is Artinian.

Proof. For this integer 11, it is well known that there exists a sequence x;..... x in { such that it is an I-filter regular
sequence on N. Note that H@ v 1.4 (N7 is Artinian when = =dimN. By vitue of [8Lemma 3.4],
H'“ ) (N = -'H'“i %) (Nhy= = [}, Therefore, by Lemma 2.6,

H“' (M, N) HF. M, HE, e .__.-'.}} = H! (M,H*(N)) = E‘xzﬁ. (M,H]N))
This completes the proof.
The following theorem is our main result, which generalizes [3, Theorem3].

4- Theorem

Let I be an ideal of R, and Let M,N be two finitely generated R-modules such that d = pd(M) < co and
dimN = n = o, Then Hr (M, V) is I-cofinite.

Proof. By [3,Theorem 3], we know that H;* (V') is I-cofinite. Then by Lemma 2.1 and proposition 2.3, the result
follows.

In the last part of this note, we discuss the finiteness of H , (M,N).
5- Lemma

Let IV be a finitely generated E-module and M a nonzero cyclic E-module. Let £ be a positive integer. If H , (N)is
finitely generated for all ¢ < £, then H; (V) is finitely generated if and only if Hom{M,Hf(IN)) is finitely
generated.

Proof. The ‘only if’ part is clear. Now suppose that Hom(M,H;{N)) is finitely generated. Note that
Hom(M,H; (V) is I-tortion, then there exists an integer 7 such that I*Hom (M, Hf (IV)) = 0. Assume that M is
generated by an element m. For any x € H;(] '.,u, we can find an element f € Hom{M Hf (N}) such that
Flm) =x.Since ["f =0,I"x =0andso [" H,. '.,l = 0. Since H,. '.,nlsflnltelygenerated forall i < £, by [2,
proposition 9.1.2], there exist an mteger I H,. N) =0 forall i <. Thus, ["H;(N) =0 for all P=<t+1
Again by [2, proposition 9.1.2], H; {N) is f|n|tely generated for all i =<t + 1. In partlcular H, (V) is finitely
generated.

Conclusion

6- Proposition
Let IV be a finitely generated E-module and let & be a posmve integer. If M is a nonzero cyclic E-module, then
H, [ V) is finitely generated for all { =< £ if and only if H; (M, V') is finitely generated for all { < .

Proof. The ‘only if” part has been proved in [5, Theorem 1. l(W)] Now we suppose that H,. M, ".') is finitely

generated fo all { << L. By induction on £, we can assume that H} () is finitely generated for alli <t —1. Then

by [5, Theorem 1.1(tet}], it followes that Hom{M, H, (N is f|n|tely generated from the fact that H; '1. M,N)

is finitely generated. Then Hf“1 (V) is finitely generated by Lemma 2.5.
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