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Abstract    

Let  be an ideal of a commutative Noetherian local ring ,  and  two finitely generated modules. Let  be a 

positive integer. We mainly prove that if  and , then  is -cofinite, 

which is a generalized of cofinite modules and local cohomology  In the 

last part of this note, we also discuss the finiteness of  and prove that if  is a nonzero cyclic -module, 

then  is finitely generated for all  if and only if  is finitely generated for all . 
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Introduction 

Let  be a commutative Noetherian ring and  a proper ideal of . The generalized local cohomology 

module  for all -modules  and  was introduced by Herzog in [4]. 

Clearly, it is a generalization of the usual local cohomology module. The study of generalized local cohomology 

modules was continued by many authors. For example Asadollahi, Khashyarmanesh and salarian [1] proved that if 

 is finitely generated for all , then  is finitely generated. Another, Delfino and 

Marley [3] proved that if  be a Noetherian local ring, an ideal of  and  finitely generated module 

, then  is -cofinite(  is finite for all ). 

As an analogue of this result, we show that if  and , then  is -

cofinite, which is a generalization of [3, Theorem3]. Throughout this paper  is a commutative Noetherian 

local ring (with nozero identity),  and  are finitely generated -modules and  is proper ideal of . We refer the 

reader to [2] for any unexpelained terminology. 

Results and Discussion 

We begin this section with some lemmas. 

1- Lemma 

Let  be a finitely generated -module. If  is artinian and -cofinite, then  is -cofinite for all . 

Proof. Since  is Artinian,  is Artinian for all . By [7, Proposition 4.3], it suffices to prove that 

 is finitely generated. In the following, we show that 

 

We may assume that  is -adic complete. Set  an injective envelope of  . By [9, Theorem 

11.57], 

. 

By matlis duality,  is finitely generated, so it is enough to show that it is Artinian. 

Since  is -cofinite and Artinian,  is of finite length, and then 

 is of finite length. In particular, 

. 

Therefore 

. 

This complete the proof. 

The following lemma is a generalization of [8,Lemma 3.4] 

2-  Lemma 

Let  be a finitely generated -module such that . Let  be a finitely generated -module and 

assume that  is an integer, and  is an -filter regular sequence on . Then 

 for all . 

Proof. See [6, Theorem 3.2]. 

3- Proposition 
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Let  be an ideal of , and let  be two finitely generated -modules such that  and 

. Then . In particular,  is Artinian. 

Proof. For this integer , it is well known that there exists a sequence  in  such that it is an -filter regular 

sequence on . Note that  is Artinian when . By vitue of [8,Lemma 3.4], 

. Therefore, by Lemma 2.6, 

. 

This completes the proof. 

The following theorem is our main result, which generalizes [3, Theorem3]. 

4- Theorem 

Let  be an ideal of , and Let  be two finitely generated -modules such that  and 

. Then  is -cofinite. 

Proof. By [3,Theorem 3], we know that  is -cofinite. Then by Lemma 2.1 and proposition 2.3, the result 

follows. 

In the last part of this note, we discuss the finiteness of . 

5- Lemma 

Let  be a finitely generated -module and  a nonzero cyclic -module. Let  be a positive integer. If  is 

finitely generated for all , then  is finitely generated if and only if  is finitely 

generated. 

Proof. The ‘only if’ part is clear. Now suppose that  is finitely generated. Note that 

 is -tortion, then there exists an integer  such that . Assume that  is 

generated by an element . For any , we can find an element  such that 

. Since ,  and so . Since  is finitely generated for all , by [2, 

proposition 9.1.2], there exist an integer ,  for all . Thus,  for all . 

Again by [2, proposition 9.1.2],  is finitely generated for all . In particular,  is finitely 

generated. 

 

Conclusion  

6- Proposition 

Let  be a finitely generated -module and let  be a positive integer. If  is a nonzero cyclic -module, then 

 is finitely generated for all  if and only if  is finitely generated for all . 

Proof. The ‘only if’ part has been proved in [5, Theorem 1.1( )]. Now  we suppose that  is finitely 

generated fo all . By induction on , we can assume that  is finitely generated for all . Then 

by [5, Theorem 1.1( ], it followes that  is finitely generated from the fact that  

is finitely generated. Then  is finitely generated by Lemma 2.5. 

 

Acknowledgement  

The author is deeply grateful to the refrees for their careful reading of the helpful suggestion. I would like to thank 

my teacher Dr. khashyarmanesh for helpful discussion. 

 



Open Access 

Eurasian Mathematics Research Journal                                                                     

Vol. 1, No. 1, March  2015, pp. 1- 4                                                                         

Available online at http://www.erepub.com/Journals.php 

 

4 

Copyright © erepub.com, all rights reserved.  

 

References  

[1] Asadollahi, J. Khashyarmanesh, K. & Salarian, Sh. On the finiteness properties of the generalized local 

cohomology modules. Comm. Alg. Vol.30, (2002), 859-867.  

[2] Brodmann, M. P. & Sharp, R. Y. Local cohomology: An Algebric Introduction with Geometric Applications, 

Cambridge University Press. (1998). 

[3] Delfino, D. & Marley, T. Cofinite modules and local cohomology. J. Pure Appl. Alg. Vol. 121. (1997), 45-52.  

[4] Herzog, J. Komplexe Auflosungen und Dualitat in der lokalen Algebra, Universitat Regensburg. (1974). 

[5] Khashyarmanesh, K. & Yassi, M. On the finiteness property of generalized local cohomology modules, Alg. 

Colloq. Vol. 12, (2005), 293-300. 

[6] Khashyarmanesh, K. & Yassi, M. & Abbasi, A. Filter regular sequence and generalized local cohomology 

modules, Comm. Alg. Vol. 32, (2004), 253-259. 

[7] Melkersson, L. Modules cofinite with respect to an ideal, J. Algebra, Vol 285, (2005) , 649-668. 

[8] Negel U. & Schenzel, P. Cohomologycal annihilators and Castelnuovo Mumford regularity, American 

Mathematical Society, (1994),  307-328. 

[9] Rotman, J. Introduction to Homological Algebra, Accademic Press. (1979). 

 


